Abstract. We construct a Seifert surface for a given null-homologous transverse link in a contact manifold that is compatible with a planar open book decomposition, then obtain a formula of the self-linking number. It extends Bennequin's self-linking formula for braids in the standard contact 3-sphere.
Statement of the main theorem
Let S = S 0,r be an oriented S 2 with r disks removed. See call the boundary circles γ 1 , · · · , γ r , whose orientations are induced by that of S. Let α i ⊂ S (i = 1, · · · , r) be a circle parallel to γ i and disjoint form other α j . Let A i ∈ Mod(S) denotes the positive Dehn twist about α i . See order. Let α i,j be a loop surrounding γ i ∪ e i,j ∪ γ j , and A i,j ∈ Mod(S) be the positive Dehn twist about α i,j . One can see that the A i,j 's are the standard generators of the pure braid group of (r − 1) strands, see [2, Lemma 1.8.2] .
Since loops α h and α i,j do not intersect, the Dehn twists A h and A i,j commute. Viewing A 1 as a full twist of an (r − 1)-stranded braid, A 1 can be written as a product of A i,j 's. Let φ : S → S be a diffeomorphism fixing the boundary ∂S point-wise. It is represented, up to isotopy, as a product of A i and A i,j :
read from the right to left. Let M = M (S,φ) be the closed 3-manifold admitting the open book decomposition (S, φ). Namely, M (S,φ) = S × [0, 1]/ ∼ where "∼" is an equivalence relation identifying (φ(x), 0) and (x, 1) for x ∈ Int(S), and identifying (x, τ ) and (x, 1) for x ∈ ∂S, τ ∈ [0, 1]. By Giroux's seminal work [7] , there is a one to one correspondence between contact 3-manifolds up to contact isotopy and open book decompositions up to positive stabilizations. By ξ (S,φ) , we denote the contact structure on M (S,φ) corresponding to (S, φ). A positively oriented transverse knot K in a contact 3-manifold (M, ξ) is an embedding of S 1 such that at each point p ∈ K, the contact plane ξ p and K have positive transverse intersection. We say that transverse knots K 0 and K 1 are transversely isotopic, if there exists a smooth 1-parameter family K t (0 ≤ t ≤ 1) of transverse knots in the ambient contact manifold.
The self linking number is an invariant of null-homologous transverse links. For a given null-homologous transverse link K and the relative homology class of a Seifert surface [Σ] ∈ H 2 (M, K; Z), the self linking number sl(K, [Σ] ) is an obstruction extending a nowhere vanishing smooth vector field { 0 = v p ⊂ T p Σ ∩ ξ p : p ∈ K} over K to a nowhere vanishing vector field over Σ with values in ξ p . See [6, Def 3.5 .28] for precise definition.
In this paper we study the self linking number via braid theory. By a braid in open book decomposition (S, φ), we mean a knot (or link) in M (S,φ) that intersects positively each page of the open book. Due to Bennequin [1] (for the standard contact 3-sphere) and Pavelescu [10] (for general case), we can identify a transverse knot in (M (S,φ) , ξ (S,φ) ) up to transverse isotopy and a braid in (S, φ) up to braid isotopy and positive braid stabilization. Assumption 1.2. Let b be an n-stranded braid in an open book (S, φ). Applying braid isotopy, we may assume that the braid b intersects the page S × {1} in n points, x 1 , · · · , x n , sitting between γ 1 and α 1 counterclockwise in this order. See Figure 1 .
Next we define braid words σ i and ρ i , see Figure 1 : Consider an nstranded trivial braid:
We denote the local half right twist of the i-th and (i + 1)-th strands by σ i . Let ρ i (i = 2, · · · , r) denote the winding of the n-th strand once around the binding γ i counterclockwise.
Proof. Let S * be the surface S with n marked points x 1 , · · · , x n . Let C(S, n) denote the configuration space of n distinct unordered points in S. The fundamental group π 1 (C(S, n)) is the n-stranded surface braid group of S. Recall the generalized Birman exact sequence [2] , [5, Theorem 9.1].
The map Forget is forgetting the n marked points. Hence ker(Forget) = π 1 (C(S, n)) is generated by {σ 1 , · · · , σ n−1 , ρ 2 , · · · , ρ r }.
We fix a braid word for a braid b and define a σ to be the exponent sum of all the σ i 's in the braid word. Also, for each j = 2, · · · , r, let a ρ j denote the exponent sum of ρ j in the braid word.
By Etnyre-Ozbagci [4] , the 1st homology group of M (S,φ) is
Let t i,j be integers such that
If b is null-homologous in M , then there exist integers s j such that
Comparing the coefficients, we get
Here is our main theorem, which will be proved in Section 4. 
Remark 1.5. For a generic M (S,φ) with S planar, the formula (1.6) is independent of choice of homology classes by the following reason:
, where e(ξ) ∈ H 2 (M ; Z) is the Euler class for the 2-plane bundle ξ and [1] , where he studied the case when S = S 0,1 = D 2 , φ = id and obtained that sl(b) = −n + a σ . Recently, Pavelescu and the author investigated the cases when S is an annulus or a pair of pants in [8] . Our formula (1.6) also extends their result.
To state a corollary, we recall the stabilization of a braid in an open book decomposition. The following is proved in Section 4. Corollary 1.8. A braid in (S, φ) and its negative braid stabilization are transversely non-isotopic. More precisely, their self linking numbers differ by 2.
As for a positive braid stabilization, it preserves the transverse knot type of any braid (see [10] , for example). In fact, a similar calculation in the proof of Corollary 1.8 verifies that our self-linking formula (1.6) is invariant under a positive braid stabilization.
Bennequin surface and A-annulus
Given a braid word for b in {σ 1 , · · · , σ n−1 , ρ 2 , · · · , ρ r }, we construct a Seifert surface Σ step by step. Our construction is a generalization of that in [8] , where annulus and pants open book decompositions are studied.
First, consider n copies of disks δ 1 , · · · , δ n , whose centers are pierced by γ 1 and the boundary ∂δ i is the unknot braid ( i ) in the braid word of b, we attach a positively (resp. negatively) twisted band between δ i and δ i+1 . The characteristic foliation on the twisted band has one positive (resp. negative) hyperbolic singularity.
If the braid word does not contain any ρ j then this surface is the desired Seifert surface, known as the Bennequin surface [1] . We call it Σ.
SurfaceΣ b .
In the following, we assume that the braid word contains ρ j s. Since careful investigation of the characteristic foliation will be required later, here we orient the leaves of the characteristic foliation, cf. [9, page 80]. Let F be an oriented surface in a contact manifold . For p ∈ F , a nonsingular point of a leaf L of the characteristic foliation, let n ∈ T p F be a positive normal vector to ξ p . We choose a tangent vector v ∈ T p L so that { v, n} is a positive basis of T p F . This vector field v determines the orientation of the leaf L.
In Section 3.3 below, we will alter the contact structure in S ×[0, ε] so that we can glue S × {0} and S × {1} smoothly by the monodromy φ. However for the moment, we assume homogeneity of the characteristic foliation: (2) The Dehn twist curves α i,j are in the region enclosed by the dashed line.
(3) By braid isotopy, we may assume that the braid segment for ρ j projected to S × {1} is mostly inside the dashed circle and does not enclose the hyperbolic points between γ-circles. See Figure 5 . Figure 5 . The characteristic foliation on S.
Now we introduce the A-annulus.
Definition 2.2. (Annulus A)
For each ρ j (resp. ρ −1 j ) in the braid word of b we attach an oriented annulus, called an A-annulus, to δ n . See Figure 6 . An A-annulus associated to ρ j (resp. ρ −1 j ) is called positive (resp. negative) and denoted by A + (resp. A − ). The boundary consists of (A): a part of the braid representing ρ j (resp. ρ (B): a part of the boundary of disk δ n where the A-annulus is glued to, and (C): a circle c in the page S × {0} once around γ j .
As sketched in Figure 6 , an A + -annulus (resp. A − ) has one positive (resp. negative) hyperbolic singularity in the characteristic foliation. Along part (A, C) (resp. (B)) of the boundary, the characteristic foliation is outward (resp. inward). Around each binding γ i (i = 2, · · · , r), the A-annuli are standing up disjointly and parpendicular to S × {0}.
The orientation of the braid b induces the orientation of each A-annulus and its c-circle. If a c-circle is the boundary of a positive A-annulus (i.e., clockwise oriented), then we call it a positive c-circle. With this orientation, the algebraic count of the concentric c-circles around γ j is equal to a ρ j .
We number the c-circles c 1 , c 2 , · · · , around γ j (j = 2, · · · , r) from the innermost one. Suppose that c 1 , c 2 , · · · , c k have the same sign but c k and c k+1 have opposite signs. We connect the two A-annuli associated to c k and c k+1 by identifying c k , c k+1 then round the corner. This operation does not create new singularities in the characteristic foliation. The orientations of the A-annuli match when they are glued. We push up the bottom of the glued A-annuli so they are contained in S × [ǫ, 1].
Renumber the remaining c-circles c 1 , c 2 , · · · , to which we apply the same procedure above. After finitely many times, all the c-circles around γ j have the same sign, and there are |a ρ j | of them. See Figure 7 . We have obtained a smooth surface embedded in M (S,φ) , which we denote byΣ b . Its oriented The purpose of the assumption is that we want the surface Σ l satisfying
for each i = 2, · · · , r, so that the arcs can be identified under the monodromy φ, which in Section 3.3 yields our desired Seifert surface Σ for b.
Proof. Recall that a positive braid-stabilization (Definition 1.7) about any binding component preserves the transverse isotopy class of the braid.
As in Figure 8 , put a point x n+1 between γ 1 and α 1 on the left side of x n and put a point ν between γ i and α i . We apply a positive braid stabilization about γ i to a small line segment of the n-th strand of b along the arc κ joining x n and ν as depicted in Figure 8 . Now b is (n + 1)-stranded, and the (n + 1)-th strand intersects the page S × {1} in the point ν. Note that the stabilized braid does not satisfy Assumption 1.2 because ν is away from γ 1 . Using braid isotopy supported in S × [−ǫ, ǫ] we drag ν back to x n+1 along the dashed arc κ ′ as in Figure 8 so that Assumption 1.2 is satisfied. As a consequence, the dragging operation replaces the braid segment {ν} × (1 − ǫ, 1) with a copy of κ ′ embedded in S × (1 − ǫ, 1), and it also replaces {ν} × (0, ǫ) with a copy of φ(κ ′ ) in S × (0, ǫ). We denote the resulting braid by b + . In the homology group
Hence by (1.3) and (1.4), the positive stabilization along κ imposes an increase of s i by 1, whereas other s j (j = i) remain the same. Moreover, it turns out that the equality (3.1) holds regardless of the choice of stabilization arc. Suppose that ι (resp. ι ′ ) is another arc joining x n (resp. x n+1 ) and ν. Then
Overall, after sufficiently many positive stabilizations about γ i , s i becomes non-negative. 
Recall that
ǫm φ m−1 inductively. In particular, φ l = φ. Suppose k j a ρ j > 0 for some j. Each D j intersects every A ± -annulus around γ j transversely in a simple curve, whose one end sits on the ρ ± jcurve, a part of the braid b, and the other end sits on the page S × {0}. See the left sketches in Figure 9 . Consider the intersection curves between s j copies of D j and the s j |k j | innermost A-annuli around γ j . Cut them open along the intersections and re-glue so that the orientations of D j s and A-annuli match. See Figure 9 . As a consequence, since the signs of k j , a ρ j and the A-annuli are the same, each arc Figure 10 . Figure 9 . We cut along the intersection between a D irectangle and A-annuli and re-glue so that the orientations match. Figure 10 . After cut and re-glue operation, the arc d j is replaced by (A j ) k j d j , where a ρ j = 6, s j = 2, k j = 2. The positive sides of the surfaces are indicated by "+".
Suppose k j a ρ j < 0 for some j. By braid isotopy, we deform braid from b to
(read from the left to the right) which introduces new 2|k j |s j innermost dummy A-annuli around γ j . Apply the same cut and re-glue operations as in the above paragraph to s j copies of D j and the s j |k j | innermost A-annuli of sgn(k j ) so that their orientations match when glueing. Because of the dummy A-annuli, the curve
In either case, starting from s j copies of D j andΣ b , we have obtained an immersed surface, Σ 0 , in S × [0, 1]. The boundary of Σ 0 consists of
here d j × {1} and φ 0 (d j ) × {0} mean the s j copies of each.
For later purpose, we investigate the characteristic foliations under the cut and re-glue operations. See Figure 11 . It is a local picture of self-intersection l of an oriented surface and its characteristic foliation. The boundary K is a transverse knot intersecting the surface at point p negatively. On l, we assume that there is no singularity in the characteristic foliation. Our cut and re-glue operation creates a hyperbolic singularity. The signs of the new hyperbolic points are determined in the following way: 
Surfaces
Here φ m (d j ) means its s j copies, because we started the construction of Σ 0 from s j copies of D j . We deform Σ k−1 to obtain Σ k by applying the following two kinds of surgery.
and end at γ i k and γ j k respectively. See Figure 12 - (1) . Note that there exist s i k (s j k ) parallel copies of a (a ′ ) satisfying such conditions.
(1)
(4) (5) 
By inserting dummy A-annuli around γ i k and/or γ j k , if necessary, as we did in Section 3.1, we reserve the innermost (s i k + s j k )|ǫ k | many A-annuli around each γ i k and γ j k (Figure 12-(2) ), so that the sign of ǫ k and the signs of these A-annuli coincide. We cut open the intersections of Σ k−1 and these A-annuli and re-glue as in Figure 9 . There are (s i k + s j k ) 2 |ǫ k | intersection curves. Further, we connect (s i k + s j k )|ǫ k | many A-annuli around γ i k and (s i k +s j k )|ǫ k | many A-annuli around γ j k by disjointly nested tunnels from the outermost pairs. We call such tunnels T -tunnels. See the passage (2)⇒(3) and (4, 5) in Figure 12 . Round the corners where the T -tunnels and the Aannuli meeting. Orientation of the T -tunnel is induced by the orientation of the A-annuli. We observe that the arc a (resp. a ′ ) is replaced by (
Proposition 3.4. After perturbation, a T -tunnel has one hyperbolic singularity in the characteristic foliation. The sign of the hyperbolic point is −sgn(ǫ k ).
Proof. See Figure 13 . Let p 1 , · · · , p 4 (resp. p 5 , p 6 ) be points on a c-circle around γ i k (resp. γ j k ) which is engaged in Surgery 2. As sketched, we Figure 13 . The characteristic foliation and contact planes on a T -tunnel (the corners should be rounded) has a hyperbolic singularity.
perturb the T -tunnel so that the heights above points p 2 and p 6 are shorter than the heights above p 3 and p 5 . By Assumption 2.1 it imposes the Ttunnel one hyperbolic point. The signs of both of the A-annuli are equal to the sign of ǫ k . If sgn(ǫ k ) = +, then the negative side the T -tunnel is facing to us. Hence the sign of the hyperbolic point is negative.
be a sub-arc that has the geometric intersection number i(a, α i k ,j k ) = 2. See Figure 14 -(1). To each side of the arc a we add |ǫ k | many tunnels, called U -tunnels, embedded in S × [0, ǫ] (ǫ ≪ 1). Their feet do not touch the feet of T -tunnels of Surgery 1, and are contained in the arc (A i k ,j k ) ǫ k a. See Figure 14 - (2) . Round the corners where the U -tunnels and the original surface Σ k−1 meet. The orientations of the U -tunnels are induced by that of Σ k−1 . If arc a is already In general, since we have multiple of sub-arcs with i(a, α i k ,j k ) = 2 we construct nested mutually disjoint U -tunnels. See Figure 15 .
, where ǫ k = 1, form nested disjoint U -tunnels, dark shaded and lightly shaded.
Proposition 3.5. Up to small perturbation, each U -tunnel has one hyperbolic singularity in the characteristic foliation. For each arc a with i(a, α i k ,j k ) = 2, the signs of the hyperbolic points on two U -tunnels are identical if and only if the U -tunnels are on the same side of a.
Proof. By Assumption 2.1-(2), the characteristic foliation near α i k ,j k is as sketched in Figure 16 - (1) . Near the points where the characteristic foliation transversely intersects α i k ,j k (for example, points p 2 and p 3 ), there are no singularities in the foliation of the U-tunnels as depicted in Figure 16 - (2) . Let p 1 , p 4 be the points where the leaves are tangent to α i k ,j k . We may assume that every arc a with i(a, α i k ,j k ) = 2 separates p 1 and p 4 . Each U -tunnel contains a single hyperbolic point near p 1 or p 4 as sketched in Figure 16 - (3) . Note that the positive normals to two U -tunnels are pointing
(2) (3) Figure 16 . ( The T -tunnels and U -tunnels intersect in general. By small perturbation, if necessary, we may assume the intersection curves do not contain any singularities of the characteristic foliation. We resolve the intersections by the cut and re-glue operations so that the orientations match. Since the intersections are mutually disjoint simple closed curves, no new singular points would be created. Now we have obtained an immersed surface Σ k in S × [0, 1] that satisfies the boundary condition (3.2). Inductively, we construct immersed surfaces
We further deform Σ l to obtain an embedded surface: Since we have added numerous dummy A-annuli during Surgery 2, the boundary ∂Σ l may contain c-circles. Following the algorithm described near Figure 7 , we pair up two A-annuli of opposite signs and glue them along their c-circles. Since the algebraic count of such c-circle around each γ j (j = 2, · · · , r) is 0, we can remove all the c-circles of Σ l . Next, suppose A • and A • are a pair of A-annuli glued along their c-circles. The intersections between A • ∪ A • and Σ l (or former D-rectangles) are arcs whose end points are on the braid b. We resolve each intersection by the cut and re-glue operation that creates two new hyperbolic points in the characteristic foliation. Since A • and A • have opposite signs, Proposition 3.3 implies that the signs of the hyperbolic points are opposite.
Finally the surface Σ l is embedded in S × [0, 1], whose boundary is
here d j × {1} and φ(d j ) × {0} mean the s j copies of each.
3.3. Glueing Σ l by monodromy to obtain Σ. In order to obtain a desired Seifert surface Σ ⊂ M (S,φ) for the braid b, topologically it is enough to glue the boundary components of Σ l ;
Note that near the bindings, the monodromy φ is the identity map, hence δ i ∩ (S × {1}) and δ i ∩ (S × {0}) can be identified under φ.
The remaining task is to justify that the characteristic foliations near φ(d j ) × {0} and d j × {1} smoothly match. To this end, we fix a small ε > 0 and by using braid isotopy we assume that Σ l is "perpendicular" to the pages S × {τ } (0 ≤ τ ≤ ε), i.e., letting t be the coordinate for [0, 1], at any point p ∈ (S × [0, ε]) ∩ Σ l away from the bindings, the vector ( ∂ ∂t ) p is contained in the tangent plane T p Σ l . Let α 0 = β + Cdt denote the contact 1-form on the page S × {0} away from the bindings, where β is a 1-form on S and C ≫ 1. By the argument in [6, p.152] , away from the bindings, we may assume that
• the contact form in S × [ε, 1] is constantly α 1 = φ * β + Cdt, • on the page S × {sε}, s ∈ [0, 1], the contact form is
Now not only we can glue the boundaries of Σ l by using the monodromy φ, but also the characteristic foliation is smoothly extended. Since α s ( ∂ ∂t ) > 0, if p is a point in S × {sε} away from the bindings, the contact plane ξ p does not contain ( 
Proof of Theorem 1.6
Let K ⊂ (M, ξ) be a null-homologous transverse knot with a Seifert surface Σ. After small perturbation, we may assume that the characteristic foliation on Σ is of Morse-Smale type (see [6, Definition 4.6 .8] for definition). Let e + (e − ) and h + (h − ) represent the numbers of positive (negative) elliptic and positive (negative) hyperbolic singularities of the characteristic foliation. It is known (see [3] for example) that the self linking number of K relative to the homology class [Σ] ∈ H 2 (M, K; Z) satisfies: • By Proposition 3.4, the T -tunnels also contribute to hyperbolic singularities ( Figure 13 ). Using (4.2), its algebraic count is: • By Proposition 3.5, the U -tunnels do not contribute to the count.
The total algebraic count of hyperbolic points is: n → n + 1 a σ → a σ − 1 which change the quantity of (1.6) by −2. A negative stabilization about the binding γ k , where k = 2, · · · , r, changes:
n → n + 1 a σ → a σ − 1 + 2a ρ k ( * ) s k → s k + 1 (by the proof of Proposition 3.1) a ρ j → a ρ j + t k,j (by (1.5))
The reason for ( * ) is the following. First, we subtract 1 from a σ because of the negative kink due to the negative braid stabilization. A negative stabilization introduces a new (n + 1)th strand. Let ρ ′ k denote the positive winding of the (n + 1)th strand around γ k . Let σ n be the usual positive half twist of nth and (n + 1)th strands. Then ρ k and ρ ′ k are related to each other by ρ k = σ n ρ ′ k σ n . This is the reason we need to add 2a ρ k .
